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Abstract Quantum Phases

We analyze the XY chain in a zero magnetic field. The interactions are antiferromagnetic,
ferromagnetic or a combination of them. The periodic boundary conditions and an odd
number of lattice sites are imposed to induce frustration. The model possesses peculiar
symmetries, whose generators have a fermionic nature and anti-commute, resulting into
(at least two-fold) exact degeneracy of every eigenstate, even in finite size systems. The
degeneracy is between different parity sectors, thus allowing a non-zero ground state mag- Antiferromagnetic Ferromagnetic l N Ferromagnetic
netization (and spontaneous symmetry breaking) even in a finite system. Based on the phase phase . phase
symmetries we develop a simple method of computing the magnetization exactly, which X

is otherwise a technical problem. We distinguish three different regions in the phase di- Ferromagnetic Ferromagnetic

agram. One is standard, with the magnetization in the thermodynamic limit having the phase phase

same value as in the non-frustrated model. The second shows an algebraic decay of the

magnetization with the system size, reaching zero in the thermodynamic limit. The third

one shows an algebraic decay towards a non-zero value. The behavior of the magnetization Non-frustrated model. Frustrated model.

in the latter two phases and even a distinction between them are novel phenomena, due to
frustration. This model demonstrates that different boundary conditions may result in a
different behavior of the magnetization in the thermodynamic limit.
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Phase A - Mesoscopic Magnetization

e T'wo-fold degenerate translationally invariant ground state.
e The magnetization is not staggered and goes to zero in the thermodynamic limit as

(0%) = (1 — cot? g)1.

Ferromagnetic phase

Frustration

e Frustration is a competition of different interactions, tending to minimize the energy of
the system, but unable to do it simultaneously. It is present in Ising antiferromagnets on
non-bipartite lattices.
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e Combined with the quantum effects it may result in a new behavior of the quantum-many f
body systems. ¢

Fig. 1. Dependence of (o) and {(07), in the ground state that maximizes them, on the parameter of the model ¢ for N = 7.
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The XY chain Phase B - Breaking of Translational Invariance

e Four-fold degenerate ground state, |GS) = aq |GS1+) + ag |GSo+) + B1 [GS1—) + B2 |GSo—).
H = — cosé év: ool tsin év: o7, N — odd B?{%%iﬁ( o [t IS possible t.o break the translational. invariance.. The maximum of the mggnetization
= I = A ’ CONDITIONS over all lattice sites does not go necessarily to zero in the thermodynamic limit.
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These symmetries have immediate consequences: j
Exact (at least) two-fold d f jgenstate, in particular th d stat - St o s - - "
EXaCl (abl 1eas WO-10 cgeneracy ol every clgenstate, 11 particular tne ground state. Fig. 2: Dependence of the magnetization on the lattice site for N = 23, ¢ = 5w /8 and two different choices of superposition
__t iS pOSSlble tO break the parlty Symmetry ].n the ground Sta)te Of a ﬁﬂite SyStem CoefﬁcientS. FOI' one Choice the translational invariance IS broken.
It is possible to have a non-zero magnetization in the ground state of a finite system.
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e The magnetization (o) in the ground state depends on the superposition coefficients. 0,55 ] amr ——
The order in the system is described by the maximal possible value. 000 001 002 003 004 005 006
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Fig. 3: Dependence of the maximum of the magnetization over all lattice sites on the system size. The linear fits (dashed lines)

A generic ground state is a superposition between different parity sectors | N - | o
intersect the y-axis in the non-zero value, indicating a non-zero value in the thermodynamic limit.

GS) = a|GS+) + B[GS-) , o’ +[B"=1, P.|GS%)=+]|GS-
and the magnetization is
(GS| 0% |GS) = a* B (GS+| 0¥ |GS—) + c.c. Conclusion

It can be computed in our model from the exact solution and the relation

N e Different boundary conditions may result in a different behavior of the magnetization in
(GS+| o |GS—) = (GS+| 0i Py 1GS+) = (GS+| H o; |GS+) . the thermodynamic limit.
[#] e Three different phases characterized by the magnetization.
e Connection between frustration and supersymmetries?
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